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this implies that ¢ = 0,the latter defining the invariant manifold ;.
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ON CERTAIN DIMENSION PROPERTIES OF A CONTROL

STABILIZING A MECHANICAL SYSTEM
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The problem of determining the smallest number of controls stabilizing the equilibrium
position of a mechanical system is investigated, Necessary and sufficient conditions are
established under which stabilization of the equilibrium position is possible with a con-
trol of minimal dimension, and this dimension is determined. The influence of gyrosco-
pic and dissipative forces on the dimensfon of the stabilizing control is studied comple-
tely for a linear approximation of the system being considered, Necessary conditions
are found under which stabilization is possible by forces which depend only on the velo-
city,

1, We consider a controlled conservative mechanical system with n degrees of free-~
dom, whose motion is described by the Lagrange equations
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Here g represents the generalized coordinates, 7' and II are the specified kinetic and
potential energies, respectively, Uy, ..., U, are the controls, The functions Q; (i, ...,
«sss U,)are to be determined,

Suppose that system (1.1) has an equilibrium position ¢ = ¢° when u = 0 ., with-
out loss of generality we can take ¢° = 0. We pose the problem of determining the
smallest number of controls by means of which we can stabilize upto asymptotic stability
the trivial solution ¢ = ¢° = 0 of system (1.1) for a certain choice of Q. If  is this
number and Q;° (¥y, ..., u,) are the corresponding functions, then there exists an r-
-dimensional control % = u° (g, ¢°) stabilizing the solution g = q" = 0 of system
(1.1) when Q; = Q,°, and it is impossible to find functions of less than r variables,
say, Q; (uy, -.., Up) (ry <Tr),for which it is possible to choose controls 41 (¢, 9, .-

.y Uy, (g, @) stabilizing the equilibrium position ¢ = ¢’ = 0. ,

In ‘a neighborhood of the equilibrium position ¢ = ¢" = 0 the kinetic and poten-
tial energies can be represented in the form

1 n
T=— 2 @i59: 4 + (+*), a;; = aj; = eonst.
i,7=1
1 n
-7 Z €:59i9; + (+*), ¢y = ¢; = const.
i, j=1

II.

where (*+) denotes a sum of terms of the third and higher orders in ¢;and ¢;" (i = 1,...
oy 1),
The first approximation of system (1, 1) is written in the form
Aq=Cq+Pu, A=||aiji|, C‘—"‘-“C,j" (i,]'=1,...,n) (1..2)
Here P is an (n X r)-matrix to be determined,
By A; we denote the roots of the equation det | C — AA | = 0 and by f; the corre=

sponding eigenvectors, Cf; = MAf;. We make the change of variables ¢ = Dy,
® = | fyy «+vy fn |- Then, system (1.2) is reduced to the form [1]

y‘i“ == A’iyi + ((D*Pu)i (i = 1' “e ey n)

Here and subsequently the asterisk denotes transposition, We set

Yi = Tois Yi = Toia (i=1,...,n)
O = ||$1v Tgyev oy Tzn—1||’ ¥ = “ Loy Tyyeoylan “s T* = “ ¥, g2)e “
M O0...0 o A
a=|0k 0 =] o] Br=l@ErOl @)
00 ... M

E is the unit »Xn matrix
Then system (1, 2) takes the form
) = Az® 4 Q*Py, 2 =FEz0), 2 =Lzt Bu (1.4)
Suppose that we are given a system of the general form

z2=Fz+Gu+1@ + g (1.5)
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Here z is an m-dimensional vector, #, G are matrices, /, & are vector-valued func-
tions whose expansions start with terms of the second order of smallness,

The following assertion is valid [2]. In order that it be possible to stabilize the solu-
tion z = 0 of the linear approximation of system (1, 5) upto asymptotic stability by an
r-dimensional control for a certain choice of the matrix &, and that it be impossible
to make such a stabilization by an (r — 1)--dimensional control for any choice of G
whatsoever, it is necessary and sufficient that all the roots of the largest common divisor
D,,_, (A) of the (m — r)th-order minors of the matrix | # — AL | have negative real
parts, or that D, (A) = 1 and Dy,_.4; (A) has a root with a nonnegative real part,
The condition that the real parts of all roots of D,,_, (A) be negative or that
D,._, (A) = 1 is sufficient for the choosing of the 7 -dimensional control u for the
complete system (1. 5) with some matrix G and with g = 0.

If we assume that in Dp,_.,; (A) there is a root with positive real part, while in
D,,_. (1) all the roots are located to the left of the imaginary axis or D,,_. (A) = 1,
then there are no (¢ and g (&) whatsoever for which we can select an r;-dimensional
control (r; << r) stabilizing the solution z = () of system (1. 5) upto asymptotic stabi-
lity, i, e, in this case r is the minimal possible dimension of the control, _

1fby P (A), ..., ¥; (A) we denote the invariant polynomials of matrix 7, then, as
is known from [1], the z-dimensional Euclidean space R, can always be split up into
subspaces 1, ..., I, cyclic relative to the given linear operator F' , with the minimal
polynomials ¥, (A), ..., P; (A). Then, if all the roots in D,,_, (A) have negative real
parts, or if D, _. (A) = 1, as the matrix Z we can take the matrix [ g1 --vs &r |+
where g; is the generating vector of I, (i = 1, ..., n).

Let us apply these results to the conservative system (1.1) being considered and to its
linear approximation (1.2) or (1. 4).

We assume that among the roots A; (i = 1, ..., n) there are p distinct ones, We set

M=h=...=A;, Ays1=Rsao=1...= As,15, .
. 7‘15.+...+s1,,1+1 =L == 7"s1+...+sp (14 ... +sp=n,
Aoy Mgps, == .. 5= A's,+...+sp) (1.6)
Wwithout loss of generality we can take
1<s <5y ... ISy (1.7)

The following assertion is valid.
Theorem 1.1. Let Ay 4. . 45, be the root of highest multiplicity s, of the equa-
tion det | C — AA | = 0. The trivial solution q = q = 0 of systems (1.1) and (1.2)

can always be made asymptotically stable by means of the s, controls u = |y, ...,
e Uy [ The number s, will be the minimal possible for the linear system (1.2).
I sp=sp1=...=8r(k <p) and if even one of the numbers Ag, 4 ... 4 5p? Agyx ..

C e ASpogrttey }"31*---+3k is positive, then the number S, will be the minimal possible also
for the complete system (1,1),
Proof, With the aid of elementary transformations the characteristic matrix
IL — AEzy|| (£2q is the 2n X 2r unit matrix) of system (1, 4) can be brought to the equi-
valent diagonal matrix |i;;| (i, j = 1, ..., 2n)

’u=0 (=N, In=lpn=...=1, ¢ 2n—SD:1

D



Dimension properties of a control stabilizing a mechanical system 255

lan—spn,zn—spu e = lzn—ap_l, n-s, = A — ;"s,+. N
lan—sp_l-u. Mgy g1 T lzn—:H, m-sp, o= (A=A, .+sp_1) A —2g . .+sp)
lﬁn—hﬂ. skl T 0 T lzn, an (A — ;‘s.) (A*— )‘aﬁa,) s (B — A'z;.+. . .+ap)

From the form of the matrix /; it is obvious that the largest common divisor of the
(2n — sp) th-order minors is Dsn_s,, (A) = 1,while

Dzn-sp-u Ay =@M — A's,+. . .+up)

ie, Doy, pel. (A) has a root with a nonnegative real part, According to [2] this is neces-
sary and sufficient for it to be possible to stabilize the solution z = 0 of system (1, 4)
upto asymptotic stability by an s,-dimensional control for some choice of matrix B
and impossible to stabilize it asymptotically by a k-dimensional control (k < sp) for
any choice of B- whatsoever, To prove this assertion also for system (1,2) we need to
show only that the matrix B in(1.4) can be taken in the form (1, 3).

Indeed, let ¢; (A) be the ith polynomial of matrix L. Since A is contained in P; (A)
only in the form A* and the argument

L. A O
1o A
we have
P () 0 (18)
v (L) = 0 B, (A) ’

Here ;) (A) is the ith invariant polynomial of the matrix A, equalling, obviously,
P M) =, (VD)

If m; is the degree of polynomial v; (A), then, clearly, the degree of p{ (A)is /2 mi.
By I; we denote a cyclic subspace of the 2n--dimensional Euclidean space R;, ,with
characteristic polynomial ¢; (A), and by / §1) a cyclic subspace of the n-dimensional
Euclidean space R, ,with characteristic polynomial y,(" (A). Let »{V) be the generating
vector of I{V. Then by the definition of a generating vector.

Yy m;-1

;P (A)5, M =0, det]bD, AL, ., A b,V |=0 (1.9)

Let us show that as the generating vector of I; we can take the 2rn-dimensional vector
“bi, bi* = || B{V*, 0|. Indeed, from (1. 8) and (1. 9) follows

(b; (L) b)* =1 1H,M (A) b, V1%, 0] =]0,0]
On the other hand, the vectors b;, Lbj, ..., L™ b; are linearly independent, which is
obvious from (1, 9) and from the form of the matrix

m.-1
b Lb;, ..., L7 b
which differs only in the order of the columns from the matwrix
bW ABW . . ATy @ 0 0 L L0
1 1
1 Yami=1, (1)
o0 ... O B,D AL AT TS

After the matrix BM = p®, ..., b{V] is found, the matrix P in (1.2) is determined
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from the formula P = (®O*)-1B)

Completely analogously we can show that if zero values are absent among the eigen~
values A; (i = 1, ..., n), the trivial solution of system(1,2) can be stabilized upto
asymptotic stability by forces dependent only on the velocity ¢° and the accelerationg™.
For this it is enough to take the matrix 2 in (1.4) in the form B* = |0, B("*|,t0 deter~
mine the stabilizing control » = Mz (M.is some ( r X 2r )-matrix), and to pass from
system (1, 4) to system (1,2). The remaining assertions of Theorem 1,1 follow in obvious
fashion from the above-mentioned results [2],

From Theorem 1.1 it follows that the solution g = ¢° = ( of system (1.2) can be
stabilized asymptotically by one control if and only if s, = 1. In accordance with
(1.7) this condition is equivalent to the conditions

MaAhy e =0, (1.10)
If we assume additionally that the controls behave in a specific manner, i, e, if we
impose constraints on the vector p to which the mawix P in (1.2) reduces in the case
being considered, then for the stabilizability of the trivial solution of system (1.2) we
require certain other conditions besides conditions (1,10), For example, if p* = | 1,
0, ..., 0|, then, as was shown in [3], besides the fulfillment of (1.10) it is further neces-
sary that all the elements of the first column of matrix @* be nonzero,

2, The control u = |u,, ..., 4, ], stabilizing the trivial solution of system (1,1) upto
asymptotic stability, depends, in general, on the velocity as well as on the position, Let
us investigate the conditions under which it is possible to choose the controls as functions
of velocity alone, The following assertion is valid,

Theorem 2,1, If the equilibrium position ¢ = ¢' = ( of system (1.2) can be
made asymptotically stable by a one~dimensional control dependent linearly only on the
velocity for some choice of matrix P, then this equilibrium position is necessarily stable
and all the roots of the equation det |C — A4 [ = O are negative,

Proof, According to Theorem 1.1, since the solution ¢ = ¢g'= 0 of system (1.2), or,
equally, the solution z()= 2 = ¢ of system (1,4), can be stabilized by one conwol,
it is necessary that conditions (1, 10) be fulfilled and that there exists a vector 5* = 5%,
0O}, for which it is possible to choose a stabilizing control in (1.4) in the form » = w(z3).
The vectors %, A, ..., A™1 p(1} are linearly independent, otherwise asymptotic sta-
bilization by one control is impossible,

By M, we denote the matrix

My= 6D, ApW, | AT

and in (1.4) we make the change of variables

My, O
z=Mz, ﬂ[z] ! ”

0 M

then we can write (1,4) in the form
z(l). = Myt AMlz(z) -+ eu

2@ = B, 7= M~1LMz -+ M bu 2.0
Here
7O = M3, 22— M1
e*=1,0,...,0], o = | zU% (%

Since by assumption the control
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u = p*, B =1 .o ey Bnl
asymptotically stabilizes system (2. 1), -the characteristic equation of system (2, 1) with
u = p*z must have all roots with negative real parts, Asis easily seen, this character-
istic equation reduces to the form
(—1)Pdet |A—~ANE[+x A =0 (2.2)

Here 7 (M) is the determinant of the matrix which is obtained from the matrixj M; AM,
— ME || by replacing the first row by the row

Juhs peda. .., tadl

Polynomial (2, 2) is Hurwitz polynemial by assumption and, therefore, all of its coeffi-
cients are necessarily positive [1], But ¥ () contains only the odd powers of A and, con-
sequently, all the coefficients of the polynomial (— 1)" det | A — AJE | are positive.,
However, this is possible only if A4; <0, (¢ =1, ..., a).

The necessity of the conditions A; << 0 (i = 1, ..., n) for it to be possible to sta-
bilize the solution g = ¢ = 0 of system (1,2) by forces dependent only on the velo-
city was proven in [5] under the assumption that the minimal value of the quadratic
optimizing functional J, namely, J,= min J, considered as a function of the initial
state o, o of the system, is represented as a sum of two terms,one of which depends
only on the position go,while the other, only on the velocity g, . As we see from Theo-
rem 2,1, this assumption is unnecessary,

The conditians A; <C O (i = 1, ..., n) is not only necessary but also sufficient for
the asymptotic stabilization of the solution g=q = 0 of system (1,1) and (1.2) by
forces depending only on the velocity, It turns out here that as such forces we can always
take dissipative forces (5, 61

8, Let us assume that additional dissipative or gyroscopic forces can be imposed on
system (1.1). The question of the influence of dissipative and gyroscopic forces on the
controllability of system (1.2) was studied in [5, 7, 8], In this and the following sections
this influence is examined from another point of view, namely : having added dissipative
or gyroscopic forces to system (1, 2), to what extent can we succeed in loweritig the
dimension of the control sufficient for the asymptotic stabilization of the wivial solution
of (1.2).

Theorem 3,1, 1° If among the roots (1, 6) of the equation det|C — AA =0
there is a zero root A P of multiplicity s, then, having added suitably selec-
ted dissipative forces to system (1.2), we can always achieve the asymptotic stability of
the solution ¢ = ¢" = 0 of system (1,2) by an s, -dimensional control under a suitable
choice of matrix P. The number Sy is the minimal possible, i, e, for any dissipative
forces added to the system (1,2)it is impossible to find an r-dimensional control
(r < si) which asymptotically stabilizes the solution ¢ = ¢ = 0 of system (1,2) for
any choice whatsoever of an( » X r)-matrix P,

2°, If there are no zero roots among the roots (1, 8) of the equationdet | C — A4 |=
= (), then, having added suitably selected dissipative forces to system (1.2), we can
always achieve the asymptotic stability of the solution 7 = ¢° = 0 of system (1.2) by
a one-dimensional control under a suitable choice of an( X 1)-matrix P.

'3°, If the hypothesis in 2° is fulfilled and if all the roots of the equation det [ C —
— AA | =0 are negative, then the solution .¢ = ¢’ = 0 of the system (1,2) can be
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made asymptotically stable by the addition of dissipative forces [4],

If the zero root A, . 45, is the root of highest multiplicity, i.,e, Sx = s, then,as
follows from the Theorem 1,1 and from item 1° of Theorem 3, 1, the addition of dissi-
pative forces does not lower the dimension of the stabilizing control,

Proof, Let us first consider the influence of dissipative forces, Let D = leﬁ”;
dij = dj; (i, j = 1, ..., n) ,be a positive definite matrix, We consider the system

2O = — Dz 4 Az® By, 22 = g (3.1)

System (3, 1) differs from system (1, 4) in the presence of dissipative forces with the
Rayleigh function

1 n
3 Z di5%9i-1 %351
j=

By elementary transformations we can reduce the characteristic matrix of system (3,1)
with u = 0 to the form P 0
| | @

0 ME+AD—A
Here E is the unit matrix,
In what follows we shall assume that d;; = 0 when i == j. Then, obviously, mauix
(3.2) is diagonal, To any root 4., ., from (1,6) there correspond s,elements in (3,2),

M+dh—h,, wey, U=ty st s) (3)

Let us require that the polynomials (3, 3) be relatively prime, If A, ;. . .+, = 0itis
obvious that this can always be achieved by a suitable choice of d;; > 0.It is enough
to require that

dyFd;  (#FD  (=s4... 45, +1,. 4. +5) (3.4)

If A, . 4, = 0,the polynomials (3, 3) contain a common factor A for arbitrary values
of d;; and may not be relatively prime, Any two polynomials (3, 3) corresponding to
distinct roots can be made relatively prime by a suitable choice of coefficients d , For
example, let us assumne that A; == A; and let us consider the polynomials

A dph — A, A2 dpod — As
They will be relatively prime if their resultant [9]
(Ay — R2)? - (dyg — doz) (Mdee — Aodyy) 5 0 (3.5)
which can always be achieved,

Suppose that one of the roots (1. 6) is zero, say, A, , 4= 0- Then, in accord with
what was said above, by choosing d;; >0 in such a way that conditions (3, 4) and (3, 5)
are fulfilled, we can reduce matrix (3, 2) to the equivalent diagonal matrix

451 (@, 7=1...,2)

Iy = 0 (i) m=le=...= [2n—sk. an-sy = 1
p Gatsa

lzn—skﬂ, 2n—s,.+1 = (}"2 + dck+1, Gk+1 ;") H Ii (}"2 + dii}“ - A‘:‘,+. . .+sA)

a=1 {=0,+1

ark
......... : e
byn, an = (A + dck+sh., Optsy A H H RtdA—t,, )
°‘=i i=3,+1

i
= Gk:sl+"'+"'k—1
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Obviously, Dy, , (A) =1 and the trivial solution of system (3, 1) can, according to
[2], be stabilized by an sk -dimensional control for a suitable choice of the matrix B,
Thus, the addition of dissipative forces of a particular form (dij = 0, i == j} to system
(1, 4) or, what is the same, to system (1. 2) permits us to lower the number of controls
from sp to s,, where, in accord with (1,7), s, < sp.

On the other hand, whatever be the forces, linearly dependent on velocity alone, added
to (1, 2), stabilization by an r-dimensional control (r < s) is impossible, Let us assume
to the contrary that there does exist an ( » X r )-matrix £ for which stabilization by an
r ~dimensional control is possible, Let us consider the group of equations from (1, 2)
corresponding to the zero root A, , s, = 0. Since the number s, of equations in the
group is larger than the number r of controls u;, ..., u,, the latter can always be elimi-
nated and, whatever be the added forces, linearly dependent only on the velocity, we can
obtain at least one integral in the form f (¢, g) = const. not depending on u. But the
presence of this integral signifies that the solution ¢ = ¢" = 0 cannot be stabilized by
any control z = | 4y, ... Uy | whatsoever,

If there are no zero roots among the roots (1. 6), then matrix (3, 2) can be reduced to

the matrlx Vsl =100 a20)
Lj=0 (i), (u=la=...=ly,p1=1
s = 81+. ;.+ sa
lyn, an = H H (M digh — Dy ig) (s’= sideet spy+ 1)
a=1 i=s’

Obviously, Da;-1 (A) = 1 and in this case system (3,1) can be made asymptoucally
stable by one control or is already asymptotically stable if all A; <0 (i = 1,..., n}.
Indeed, in the latter case all the roots of the characteristic polynomial

p & S”=51+"'+3a)
D2n (7") = ].—]: H (},3-1.-d“}\,—- A'31'*"""30:(.) (s’ =84+ 8a'—1+ i

a=1 i=s¢’
of matrix (3,2) have negative real parts, In other words, in this particular case we obtain
the known result [4] that an isolated and stable equilibrium position of system (1,2) can
be made asymptotically stable by dissipative forces,
We have thus proven the validity of Theorem 3,1,

4, We now assume that gyroscopic forces are added to system (1,2},

Theorem 4,1, 1° If among the roots (1, 6) of the equation det [C — A4 | = 0
there is a zero root A . e = 0 of multiplicity s;, then, having added suitably selected
gyroscopic forces to system (1, 2), we can always achieve the asymptotic stability of the
solution ¢ = ¢" = ( of system (1, 2) by an s,-dimensional control & == u (g, g') under
a suitable choice of matrix P, The number s is the minimal possible, i, e, for any gyro-
scopic forces added to the system (1.2) it is impossible to find an r-dimensional control
(r << sr) which asymptotically stabilizes the solutionng = ¢ = 0 of system (1.2) for
any choice whatsoever of matrix P,

2°, If there are no zero roots amdng the roots (1, 6) of the equationdet [ C— A4 "'.—.—0,
then, having added suitably selected gyroscopic forces to system (1,2), we can always
achieve the asymptotic stability of the solution g = ¢" = ( of system (1.2) by a one-~
dimensional control under a suitable choice of an (n X 1) ~matrix 2,

Proof, Llet H=|hil, hij = — hj;({ j=1, ..., n) be some matrix, Let us con-
sider the system



260 L.K, Lilov

2V = — Bz 4 Ax® | BUy, 2@ = Ex (4.1)
obtained from system (1,4) by the addition.of gyroscopic forces, The characteristic
matrix of system (4, 1) is reduced to the equivalent matrix

E 0
0 ME4AH—A] E is the unit matrix, (4.2)
We shall take it that
B 1 F0, k=0 (k=i+2,..,n i=1,2,..,n) (4.3)
Then the matrix A2 £ + AH — A has the form
AP—Ar kA o ... O
N—Peh  A2—Ae  hsh ... O
0 —hgh M—hs... 0 | (4.4)
0 0 0 Y L

Among the roots A; (i = 1, ..., ») from (1. 6) there are p distinct ones, If one of them
is zero, without loss of generality we can assume that the corresponding group of elements
is located in the lower right comer of matrix (4, 4).

Let "y 5= 0. We multiply the second row of matrix (4,4) by — A/ ks (h1s 5= 0 accord-
ing to (4. 3)) and we add it to the first, We multiply the first column of the new matrix
obtained by %A / A; and we add it to the second, Further, by subtracting the first row
of the new matrix, multiplied by an appropriate polynomial, from the second and third
rows, we arrive at the matrix

1 0 o ...0
0 g1 (A)—Ay huh ...0
0 P2(A) A—2s...0

------------

Here @1 (A), @2 (A) are certain polynomials and ¢, (0) = ¢a (0) = 0. If As 5= 0, we can
continue the indicated procedure, etc. Thus, if one of the roots (1.6), say, A,, ,, of
multiplicity s, is zero, then matrix (4, 2) can be reduced to the equivalent matrix

140 G i=1,...,2n)
ly=0 () Gi=1..,2n—3)

lu-_= la T lan_.k' ’ﬂ-‘k = 1

=93 Gi=2n—s+ 1, ... 2n)
Here @;j (A) are certain polynomials, ;; (0) = 0. Obviously, in this case
D,n_,k'(x) =1
If there are no zero roots among the roots (1, 6), then matrix (4. 2) reduces to the matrix
10 Gi=14,...2n)

Ly=0 (i), i=lp='=lpys1=h lbnwn=00
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Here ¢ (A)' is a certain polynomial, ¢ (0) = 0.
In this case
Dy, ,(M)=1
In precisely the same way as in Sect, 3, Theorem 4,1 is established from what is shown
above,

Just as in Sect, 3 we can show that if the zero root k,ﬁ_._ﬂk =. 0 ig the root of highest
multiplicity, i. e, sy = sp, then the addition of gyroscopic forces does not allow us to
lower the dimension of the stabilizing control,

Note, By the addition of dissipative or gyroscopic forces we can lower the dimension
of the control which stabilizes the trivial solution of system (1.1) upto asymptotic sta~
bility from sp to m (m is one of the numbers 0, 1, s,).This assertion is obvious from Theo-
rems 3,1, 4.1 and from the known fact that the asymptotic stability of the trivial solu-
tion of the complete system (1,1) follows from the asymptotic stability of the trivial
solution of the linear approximation (1, 2) [10}.

A comparison of Theorems 3,1 and 4,1 shows that gyroscopic and dissipative forces
may in almost like fashion lower the dimension of the stabilizing control, The single
case when dissipative forces can achieve more is the particular case of A, < 0 (i = 1, ...,
s+, n) in which the addition of dissipative forces to system (1.2) can strengthen a stable
equilibrium position ¢ = ¢'= 0 upto asymptotic stability, However, in 2 number of cases
it has proved to be preferable to add gyroscopic forces for lowering the dimension of
the control because the addition of gyroscopic forces does not call for an additional
expenditure of energy on the system's motion,

The author thanks V, V, Rumiantsev for discussion of the paper and for valuable remarks,
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